The self-consistent quasiparticle random-phase approximation (QRPA) approach is formulated in the canonical single-nucleon basis of the relativistic Hatree-Fock-Bogoliubov (RHFB) theory.
I. INTRODUCTION
Exotic nuclei far from the β-stability line have become an active field of research, as lots of Radioactive-Ion-Beam (RIB) facilities are operating, being upgraded, under construction, or planned to be constructed [1] [2] [3] [4] [5] [6] [7] [8] . The charge-exchange excitations of these nuclei play important roles in nuclear physics and various other branches of physics, notably astrophysics. The charge-exchange excitations provide an important probe for studying the spin and isospin properties of the in-medium nuclear interaction. The neutron skin thickness, a basic and critical quantity in nuclear structure, can also be extracted from the sum-rule strengths of the spin-dipole excitations [9] . Moreover, the isobaric analog states (IAS) can be used to study the isospin corrections for the superallowed β decays [10, 11] and hence to test unitarity of the Cabibbo-Kobayashi-Maskawa matrix. Furthermore, the properties of charge-exchange excitations are essential to predict many nuclear inputs of astrophysics, such as the nuclear β-decay half-lives, neutrino-nucleus cross sections, and electron-capture cross sections [12] [13] [14] [15] . Therefore, nuclear charge-exchange excitations have become one of the hottest topics in nuclear physics and astrophysics.
The charge-exchange excitations can be explored with the charge-exchange reactions, such as (p, n) or ( 3 He, t) reactions, and the weak-decay processes, such as β decays [16] [17] [18] .
Although the measurement of charge-exchange excitations has achieved great progress in recent years, their theoretical studies are still essential to understand the microscopic mechanism and also indispensable to many astrophysical applications. Two types of microscopic approaches are widely used in the theoretical investigations on the charge-exchange excitations, the shell model and the quasiparticle random phase approximation (QRPA) approach.
Due to the limitation of large configuration space, the shell model calculations are still not feasible for the heavy nuclei away from the magic numbers [12, [19] [20] [21] [22] [23] . However, the QRPA approach can be applied to all nuclei except a few very light systems.
The QRPA approach can be formulated based on the mean-field basis predicted with the empirical potential, such as the deformed Nilsson model [24] [25] [26] [27] , the finite-range droplet model with a folded Yukawa single-particle potential [28] [29] [30] , and Woods-Saxon potential [31, 32] . In addition, based on the Skyrme Hatree-Fock (HF) model, the RPA calculations have been developed for the charge-exchange excitations 30 years ago [33, 34] and has been extended to the QRPA approach by including the pairing correlations for better describing the charge-exchange excitations of open-shell nuclei [35, 36] . However, the residual interactions used in these QRPA approaches are not directly derived from the interactions used to obtain the mean-field basis. Recently, the self-consistent QRPA approach has received more and more attention, since it is usually believed to possess a better ability of extrapolation.
The self-consistent QRPA approaches have been developed based on the Skyrme HF+BCS model [37, 38] and Skyrme Hatree-Fock-Bogoliubov (HFB) model [13, 39] . Moreover, the important ingredient of nuclear force -the tensor force was found to play a crucial role in describing the nuclear charge-exchange excitations and β-decay half-lives within the QRPA approaches [40] [41] [42] [43] , which inspires much interest to explore the nature of nuclear tensor force [44, 45] .
During the past years, the covariant density functional theory has successfully described many nuclear phenomena [4-6, 8, 46-49] and their predictions are also successfully applied to the simulations of rapid neutron-capture process (r process) [50] [51] [52] [53] . The self-consistent RPA approach was first developed based on the relativistic Hatree (RH) model [54] . The negative-energy states in the Dirac sea are found to be very important to construct the RPA configuration space, which remarkably influence the isoscalar strength distributions [55] and the sum rule of Gamow-Teller (GT) transitions [56] . Furthermore, the QRPA approach is formulated in the canonical single-nucleon basis of the relativistic Hartree-Bogoliubov (RHB) theory and used to study nuclear multipole excitations of open-shell nuclei [57] .
The RHB+QRPA approach is then extended to study nuclear charge-exchange excitations [58, 59] and further to calculate β-decay half-lives not only for neutron-rich nuclei [60] [61] [62] but also for the neutron-deficient nuclei [63] . Recently, a systematic calculation on nuclear β-decay properties, including half-lives, β-delayed neutron emission probabilities, and the average number of emitted neutrons, was performed with the RHB+QRPA model for 5409 nuclei in the neutron-rich region of the nuclear chart [64] .
For the QRPA approaches in the relativistic Hartree approximation, the isovector π meson plays an important role in the description of nuclear charge-exchange resonances, while this degree of freedom is absent in the ground-state description due to the parity conservation. To account for the contact interaction coming from the pseudovector pionnucleon coupling, a zero-range counter term is introduced, while its strength is treated as an adjustable parameter to reproduce experimental data on the GT excitation energies. In the relativistic HF (RHF) approximation, the contributions of π meson to the nuclear ground-state properties can be naturally included via the exchange (Fock) terms and the description of the nucleon effective mass and the nuclear shell structures is improved [65, 66] . Based on the RHF model, the fully self-consistent relativistic RPA (RHF+RPA) approach has been developed. The RHF+RPA model achieves an excellent agreement on the data of GamowTeller resonances (GTR) and spin-dipole resonances (SDR) in doubly magic nuclei, without any readjustment of the parameters of the covariant energy density functional including the zero-range counter term [67, 68] .
To provide an accurate and reliable description of open-shell nuclei, the pairing correlations have to be treated in proper way. By combining with the BCS method, the RHF+BCS model has been formulated and it is found that the description of nuclear shell evolution along isotopic chain of Z = 50 and isotonic chain of N = 82 can be improved with the presence of the degree of freedom associated with the pion pseudovector coupling [69, 70] .
Extending to the neutron/proton drip line, the pairing gap energy becomes comparable to the nucleon separation energy and the continuum effects can be involved substantially by the pairing correlation. It thus requires a unified description of mean field and pairing correlations, for instance within the Bogoliubov scheme [5, 71, 72] . Integrated with the Bogoliubov transformation, the relativistic Hartree-Fock-Bogoliubov (RHFB) theory was developed recently [73] and it achieved great success in the description of the exotic nuclei far from the β-stability line [74] [75] [76] [77] [78] [79] and superheavy nuclei [80] . Based on the RHFB theory, the selfconsistent QRPA (RHFB+QRPA) approach was developed and a systematic study on the β-decay half-lives of neutron-rich even-even nuclei with 20 Z 50 has been performed [53] .
In this work, we will employ the RHFB+QRPA approach to investigate the chargeexchange excitations, including the IAS and GTR. Furthermore, the nuclear β-decay halflives predicted with the RHFB+QRPA approach will be presented and compared with the experimental data and other theoretical results. These results are given in Sec. III. In Sec. II, the basic formulas of RHFB theory, QRPA approach, and the calculations of nuclear β-decay half-lives are briefly introduced. Finally, summary and perspectives are presented in Sec. IV.
II. THEORETICAL FRAMEWORK
In this Section, the basic formulas of the RHFB theory will be briefly introduced, then the self-consistent QRPA approach based on the RHFB theory will be formulated in the canonical basis of the RHFB framework. With the transition properties obtained from the QRPA approach, the calculations of nuclear β-decay half-lives will be also presented.
A. Effective Lagrangian density
The basic ansatz of the RHF theory is a Lagrangian density where nucleons are described as Dirac particles which interact to each other via the exchange of mesons (σ, ω, ρ, and π) and the photon (A),
where M and m i (i = σ, ω, ρ, and π) are the masses of the nucleon and mesons, g σ , g ω , g ρ , and f π are meson-nucleon couplings, respectively. The field tensors for the vector mesons and the photon are defined as
Following the standard variational procedure of the Lagrangian density, one can obtain the Euler-Lagrange canonical field equations, which just correspond to the Dirac, KleinGordon, and Proca equations for the nucleon, meson, and photon fields, respectively. As these equations are too difficult to be solved exactly, one has to introduce some reasonable approximations, such as the Hartree or Hartree-Fock approximations. 
where φ i represents the nucleon field ψ, the σ-, ω-, ρ-, and π-meson fields, and the photon field A. Combing the field equations of mesons and photon, the Hamiltonian H = d 3 xH
in the nucleon space can be expressed as
where the two-body interaction vertices Γ i (1, 2) for the meson and photon fields are
Neglecting the retardation effects, the propagators D i (1, 2) for the meson and photon fields can be simplified to be
To quantize the Hamiltonian H in Eq. (4), the nucleon field operators ψ andψ are expanded on the set of creation and annihilation operators of nucleons (c † α , c α ) and antinucleons
where f α (x) and g α (x) are the Dirac spinors in a state α. The inclusion of d α and d † α terms leads to divergences and requires a cumbersome renormalization procedure [81] , so these terms are usually omitted in the expansions, i.e., the so-called no-sea approximation. Then, the Hamiltonian can be expressed as
with the kinetic term T and two-body interaction terms V i ,
In the Hartree-Fock approximation, the trial ground state is chosen as a Slater determinant, i.e.,
with the vacuum |0 . The energy functional is then obtained from the expectation with respect to the ground state |Φ 0 ,
The expectation of the two-body interaction term V i will lead to two type of contributions, namely the direct (Hartree) and exchange (Fock) terms. With only the direct term, Eq.
(18) just corresponds to the energy functional of the RMF or RH theory, while with both direct and exchange terms, one obtains the energy functional of the RHF theory.
Taking the variation of the energy functional (18) with respect to the Dirac spinor f α , one then gets the Dirac Hartree-Fock equation,
where h(r, r ′ ) is the single-particle Dirac Hamiltonian and ε is the single-particle energy including the rest mass. 
where f U and f V are the quasiparticle spinors and λ is the chemical potential. The pairing potential ∆(r, r ′ ) can be expressed to be
where the pairing tensor is
For the pairing interaction V pp , we adopt the pairing part of the Gogny force
with the set D1S [85] for the parameters µ i , W i , B i , H i , and M i .
In this work, the spherical symmetry is assumed for the nuclear systems and the RHFB equation is solved by an expansion of quasiparticle spinors in the Dirac Woods-Saxon (DWS) basis [73, 86] . The numbers of positive-and negative-energy states in the DWS basis are taken as N F = 28 and N D = 20, respectively. Details of solving the RHFB equations in the DWS basis can be found in Ref. [73] .
D. Quasiparticle random phase approximation
The QRPA equations can be derived from the time-dependent RHFB theory in the limit of small-amplitude oscillations similar to Refs. [57, 58] . Previous studies have found that the QRPA equations can be easily solved in the canonical basis, in which the RHFB wave functions are expressed in the form of BCS-like wave functions. With the spherical symmetry, the quasiparticle pairs can be coupled to a good angular momentum and the matrix equations of the QRPA for the charge-exchange excitations read
where p, p ′ , and n, n ′ denote proton and neutron quasiparticle canonical states, respectively.
For each transition energy E ν , quantities X νJ pn and Y νJ pn denote the corresponding forwardand backward-going QRPA amplitudes, respectively. The angular-momentum coupled matrix elements A J and B J read
with
The terms H phJ and H ppJ in matrix elements A J and B J denote the contributions from particle-hole (ph) and particle-particle (pp) interactions, respectively.
In the self-consistent QRPA approach based on the RHFB theory, the contributions from exchange terms must be included, so the term H phJ corresponding to the ph interaction
In this work, V ph includes the contributions from the σ-, ω-, ρ-, and π-meson fields, i.e.,
where Γ i (1, 2) and D i (1, 2) are the interaction vertices and propagators of corresponding meson fields given in Sec. II B. In addition, a zero-range pionic counter term should be included to cancel the contact interaction coming from the pion pseudovector coupling, which reads
Similarly, the term H ppJ corresponding to the pp interaction V pp is
In the isovector (T = 1) pp channel, we adopt the pairing part of the Gogny force with the parameter set D1S as in the RHFB ground-state calculations. In the isoscalar (T = 0) pp channel, we employ a finite-range interaction as in Refs. [13, 53, 58, [60] [61] [62] [63] ,
with µ 1 = 1.2 fm, µ 2 = 0.7 fm, g 1 = 1, and g 2 = −2. The operatorΠ S=1,T =0 projects onto states with S = 1 and T = 0. For the strength parameter V 0 , we employ the following ansatz proposed in Ref. [53] , 
The strength distribution is obtained by folding the discrete transition probabilities with Lorentzian function, i.e.,
where the width Γ is taken to be 1 MeV for illustrating our calculations of the spin-isospin excitations.
E. Nuclear β-decay half-lives
The β-decay half-life of an even-even nucleus in the allowed GT approximation is calculated with
where D = 6163.4 ± 3.8 s and g A = 1. The B(E D ) is the transition strength from the ground state of mother nucleus to the final state with excitation energy E D , which is referred to the ground state of the daughter nucleus. The summation includes all the final states having an
where m e , p e , E e , and F 0 (Z, E e ) denote the rest mass, momentum, energy, and Fermi function of the emitted electron, respectively. The β-decay transition energy ω, which is the energy difference between the initial and final nuclear states, is calculated by
In the present self-consistent QRPA calculation, the excitation energy E ν in Eq. (24) is referred to the ground state of the mother nucleus corrected by the mass difference between neutron and proton ∆ np as in Refs. [53, 62, 63] . It is here denoted by E M to be clearly distinguished from E D . Therefore, one has
where ∆B is the binding energy difference between mother nucleus and daughter nucleus, and ∆ nH is the mass difference between the neutron and the hydrogen atom. Combining
Eqs. (38) and (39), one obtains
Since the energy of the emitted electron must be higher than its rest mass, i.e., ω > m e , the final nuclear states are those with the excitation energies E M < ∆ nH . Equation (36) then becomes
where both E M and B(E M ) can be directly obtained from the self-consistent QRPA calculations. 
III. RESULTS AND DISCUSSION
In the self-consistent QRPA calculations, the reasonable description of nuclear groundstate properties is essential to predict nuclear charge-exchange excitations. Therefore, in this Section, we will first study the description of nuclear ground-state properties by using the RHFB theory. The two-neutron separation energies and the neutron-skin thicknesses will be taken as examples. The self-consistent QRPA calculations based on the RHFB theory will be then shown for the IAS and GTR, on which the effects of the ph and pp residual interactions will be investigated carefully. Finally, the nuclear β-decay half-lives predicted with the RHFB+QRPA approach will be presented and compared with the experimental data and other theoretical results. The effective interactions PKO1 [65] and DD-ME2 [89] are adopted for the RHFB(+QRPA) and RHB(+QRPA) calculations, respectively.
A. Ground-state properties (SDR) [9] , anti-protonic x-ray data [90] , and proton elastic scattering [91] are shown by the filled squares, diamonds, and triangles, respectively. The neutron-skin thicknesses of the even-even Sn isotopes are shown in Fig. 2 . Generally speaking, the calculations with PKO1 and DD-ME2 reproduce the experimental results from the spin-dipole resonance (SDR) [9] , anti-protonic x-ray data [90] , and proton elastic scattering [91] very well. The exception is the data from SDR for 114 Sn, which deviates from the systematic trend. Comparing these two approaches, the results of PKO1 are systematically larger than those of DD-ME2. This can be mainly explained by the larger symmetry energy of PKO1, E sym = 34.4 MeV, in comparison with that of DD-ME2, E sym = 32.3 MeV, since there exists a linear relation between the neutron-skin thickness and the symmetry energy of nuclear matter at saturation density [92] . Significant progress has been made on constraining the symmetry energy during the past decades. Combing the current available constraints on the symmetry energy obtained from terrestrial laboratory measurements and astrophysical observations, the symmetry energy E sym = 32.5 ± 2.5 MeV has been concluded [93] . Obviously, the symmetry energies from both PKO1 and DD-ME2 agree with the constraint.
B. Spin-isospin excitations
As a first test of the present QRPA model, we perform the so-call IAS check to verify the model self-consistency. If the Coulomb interaction is switched off, the nuclear Hamiltonian would commute with the isospin lowering T − and raising T + operators and then the IAS should be degenerate with its isobaric multiplet partners. This degeneracy is broken by the mean-field approximation, while it can be restored by the self-consistent RPA calculation [94] . Taking the IAS in 114 Sn as an example, the corresponding transition probabilities are shown in Fig. 3 As a step further, the sum rule of GT transition probabilities is employed to check the QRPA model. Figure 4 presents the running sum of the GT transition probabilities by taking 118 Sn as an example, which is defined to be
where Ω ν represent the GT transition energies and B ± ν are the corresponding transition probabilities in the T ± channels. When the complete set of states is included, Eq. (42) gives the value 3(N − Z) of the Ikeda sum rule [95] . In the relativistic framework, it has been found that the total GT strength in the nucleon sector is reduced by about 12% in nuclear matter [96] and by 6 ∼ 7% in finite nuclei [56, 67] The IAS is the simplest but important charge-exchange excitation mode and it has been observed in experiments with a single peak with a narrow width [97] . It has been found that the consistent treatment of pairing correlations in QRPA calculations plays an essential role in concentrating the IAS in a single peak [37, 58] . In order to investigate such a fact in the RHFB+QRPA approach, Fig. 5 gives the calculated transition probabilities for the IAS in The GTR is another important mode of charge-exchange excitation and it plays an important role in understanding many nuclear processes in nucleosynthesis, such as nuclear β decay and electron-capture process. It has been found that the GTR in the doubly magic nuclei 48 Ca, 90 Zr, and 208 Pb are well reproduced based on the RHF+RPA approach without any readjustment of the ph residual interaction [67] . In this work, we will check whether such self-consistence is kept even for the open-shell nuclei. In Fig. 7 , the GT strength dis- Table I . Due to the pairing correlation, the neutrons are scattered to higher levels in N = 50 ∼ 82 shell, and hence occupy the h 11/2 level. Therefore, a transition dominated by the new configuration ν1h 11/2 → π1h 9/2 appears and meanwhile the transition at E ≈ 15 MeV is mixed with new configurations from ν1h 11/2 . In addition, the transition at E = 9.9 MeV is also mixed with a new configuration from ν1h 11/2 , whose QRPA amplitude even reaches 50%.
In addition to the isovector T = 1 pairing interaction, the isoscalar T = 0 pairing interaction also plays an important role in describing the GTR [13, 58] . Figure 9 shows the effects of T = 0 pairing interaction on the GT strength distribution in 118 Sn, where V 0 is the strength of the T = 0 pairing interaction. Clearly, the excitation energy of the main peak is less affected by the T = 0 pairing. However, the T = 0 pairing interaction reduces the excitation energies and transition strengths in the energy region higher than the main peak, and hence reduces the splitting of GTR in the energy region 12 ∼ 22 MeV. In the energy region lower than the main peak, the T = 0 pairing interaction also reduces the excitation energies while it increases the transition strengths. From the QRPA amplitudes for the RHFB+QRPA calculations shown in Table I , it is known that the main peak at 14.9 MeV is dominated by the configuration ν1g 9/2 → π1g 7/2 , which is almost a pure ph configuration with occupation probabilities v 2 (ν1g 9/2 ) = 0.99 and v 2 (π1g 7/2 ) = 0.00. Therefore, the effect of T = 0 pairing interaction on the main peak is relatively small. However, the peak at 18.3 MeV is dominated by the configuration ν1h 11/2 → π1h 9/2 , which is more like a pp configuration with occupation probabilities v 2 (ν1h 11/2 ) = 0.21 and v 2 (π1h 9/2 ) = 0.00, and thus the attractive T = 0 pairing interaction reduces its excitation energy. For the peak at 11.1 MeV, its main configuration is ν1h 11/2 → π1h 11/2 , so the T = 0 pairing interaction also has an important effect on this transition. For comparison, the main QRPA amplitudes
ph > 1%) for these three GT transitions calculated by including the T = 0 pairing interaction with V 0 = 250 MeV are given in Table II . Clearly, the main QRPA amplitudes are remarkably affected by the T = 0 pairing interaction, especially for those transitions dominated by the pp-type configurations.
For comparison, the experimental GT excitation energies and widths in 118 Sn are also shown in Fig. 9 , which are named to be GT1, GT2, GT3, and GT4 as the decrease of their GT energies similar to Ref. [97] . The two peaks in the energy region 12 ∼ 22 MeV correspond to the GT1, while the predicted splitting of the GTR could not be observed, since the total width of the main resonance is of about 6 MeV [97] exceeding the predicted energy splitting. Clearly, the inclusion of T = 0 pairing interaction improves the theoretical description of low-lying GT transitions. Then the GT2, GT3, and GT4 in 118 Sn are well predicted by the RHFB+QRPA approach.
The strength V 0 of T = 0 pairing interaction is usually determined by fitting to the measured nuclear β-decay half-lives. A recent study based on the RHFB+QRPA approach found that an isospin-dependent V 0 can provide a good description of nuclear β-decay halflives in the region of 20 Z 50 [53] . With this isospin-dependent V 0 shown in Eq. (33), the calculated centroid energies for the GT1, GT2, GT3, and GT4 of the even-even Sn isotopes are shown in Fig. 10 . Without the T = 0 pairing interaction, the GT excitation energies are systematically higher than the experimental data. The T = 0 pairing interaction can reduce the GT excitation energies and the agreements with the experimental data are improved systematically. In addition, it is found that the influence of T = 0 pairing on the excitation energies of GT2, GT3, and GT4 decreases as the neutron number increases. This can be understood from the fact that the pairing effects become weaker and weaker when approaching the closed shell N = 82. from the main configurations of the transitions dominating their β decays. These main configurations are generally formed by the neutron levels with higher occupation probabilities and the proton levels with lower occupation probabilities, therefore, the influence of T = 0 pairing interaction is very small and hence their β-decay half-lives are overestimated. In fact, this phenomenon is a common problem in the self-consistent relativistic QRPA calculations [53, [60] [61] [62] .
To investigate the reliability of theoretical approaches in various half-life regions, Fig. 13 presents the ratios of the theoretical β-decay half-lives to the experimental data as a function of the experimental half-lives. As discussed above, the ratios calculated by the RHFB+QRPA approach for the Ni, Zn, Ge, and Sn isotopes with neutron number smaller than the corresponding neutron shell are remarkably larger than those of other nuclei.
In general, the half-lives of T where ∆Q β is the difference of Q β between the experimental value [88] and RHFB calculation.
relativistic framework found that the inclusion of an attractive tensor force can reduce the calculated half-lives of magic nuclei [42] . However, new parameters for the tensor force are inevitable. By taking into account the coupling between particles and collective vibrations, the self-consistent RPA plus particle-vibration coupling (PVC) model can well reproduce the half-lives of magic nuclei without any new fitting parameters [101] . In present model, the effects of the tensor force have been indeed involved via the exchange diagrams of mesonnucleon couplings which have been demonstrated to contain the tensor force components [44] , whereas the PVC effects are not included yet. Thus, part of these effects in open-shell nuclei may be simulated by the T = 0 pairing through the enhanced pairing strength. When a self-consistent relativistic QRPA model with all these effects is developed in the future, the T = 0 pairing strength may need to be readjusted, and this would help to further understand the importance of T = 0 pairing in the half-life predictions.
IV. SUMMARY AND PERSPECTIVES
In this work, the self-consistent quasiparticle random-phase approximation model is developed based on the relativistic Hatree-Fock-Bogoliubov theory, and it is then employed to study the nuclear isobaric analog states and Gamov-Teller resonances by taking Sn isotopes as examples. It is found that the particle-particle residual interaction is essential to concentrate the IAS in a single peak for open-shell nuclei and the Coulomb exchange terms are very important to predict the IAS energies. For the GTR, the isoscalar σ and ω mesons play an crucial role in the particle-hole residual interactions via the exchange terms. The isovector pairing can increase the calculated GTR energies and result in new excitations as the pairing scatters nucleons to higher energy levels. The isoscalar pairing has a strong influence on the low-lying tail of the GTR and is necessary to reproduce the experimental GTR energies.
With the predicted properties of GT transitions by the QRPA approach, nuclear β-decay half-lives are studied in the allowed Gamow-Teller approximation. Among the particle-hole residual interactions, σ and ω mesons play an important role in the β-decay calculations.
The pairing interactions in both isovector and isoscalar channels are important to reproduce experimental β-decay half-lives. With the results predicted by the RHFB+QRPA approach, the β-decay calculations almost completely reproduce the experimental data for nuclei with T 1/2 < 1 s up to the Sn isotopes. Large discrepancies are found for the Ni, Zn, Ge, and Sn isotopes with neutron number smaller than the corresponding neutron shell, which can be remarkably improved when the theoretical Q β values are replaced by the corresponding experimental data.
The present RHFB+QRPA approach can also be employed to study other nuclear chargeexchange excitations, such as the spin-dipole and spin-quadrupole resonances. The predicted properties of charge-exchange excitations can be further used to calculate other nuclear weakinteraction processes, such as nuclear electron capture and neutrino-nucleus scattering. In addition, the present QRPA approach are formulated with the spherical symmetry, so it is worthwhile to extend the present approach by including deformation degree of freedom in the future for better describing the properties of deformed nuclei.
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